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Abstract
The necessary conditions for the existence of a balanced incomplete block design on v points,
with index  and block size k, are that (v− 1) ≡ 0mod (k − 1); v(v− 1) ≡ 0mod k(k − 1).
In this paper we study k = 9 with  = 3, 6 and 12. We show that these conditions on v are
su7cient, with the possible exceptions of v=177, 345, 385 when =3, and v=213 when =6.
We give constructions of TD3(10; n)s with 13 possible exceptions, namely n∈{5; 6; 14; 20; 35;
45; 55; 56; 60; 78; 84; 85; 102}; we also reduce the number of unknown TDs with block sizes 8
and 9.
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1. Introduction
In this article, we are concerned with the existence of (v; 9; ) balanced incomplete
block designs (BIBDs) for = 3, 6 and 12. We will discuss other s in a later paper.
For k = 9, necessary conditions on v¿ 9 reduce to
v ≡ 1; 9mod
(
72
gcd(72; )
)
:
There are no known non-existence results for any (v; 9; ) BIBD.
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The outline of this article is that we brieCy give a number of general construc-
tions and summarize the results of [4] in Section 2; some of these are recursive
constructions, and some are of individual designs; in Section 3, we construct new
TDs with ¿ 1, concentrating on TD3(10; n)s; in Sections 4 and 5, we give exam-
ples of two newer construction methods using grouplet divisible designs and balanced
n-ary designs; in Section 5, we give a number of other direct constructions. Some
of our theorems were given in [4]; we will state these without proof here, refer-
ring the reader to [4] for the proof. In the last three sections we accomplish our
basic objective of this article, which is to establish that the necessary conditions are
su7cient for all but a small number of possible exceptions when  = 3, 6 or 12.
SpeciFcally,
(1) if v ≡ 1; 9 (mod 24) then a (v; 9; 3) BIBD exists except possibly when v∈{177;
345; 385};
(2) if v ≡ 1; 9 (mod 12) then a (v; 9; 6) BIBD exists except possibly when v= 213;
(3) if v ≡ 1; 3 (mod 6) then a (v; 9; 12) BIBD exists if v¿ 9.
2. Basic constructions and some known designs
The terminology and notation we will use is quite standard; e.g., see [8].
Theorem 1 (Wilson’s Fundamental Construction (WFC)). Suppose we have a “master”
(K1; 1)-GDD with g groups and a group vector of {|Gj| : j=1; : : : ; g}, and a weighting
that assigns a positive weight of w(x) to each point x. Let W (Bi) be the weight vector
of the elements of the ith block. If, for every block Bi, we have an “ingredient”
(K2; 2)-GDD with a group size vector of W (Bi), then there exists a (K2; 12)-GDD
with a group size vector of {∑x∈Gj w(x) : j = 1; : : : ; g}.
The following theorem establishes our most important ingredient GDDs.
Theorem 2. For (9; ) GDDs, the following group types exist:
(1) If = 1, then types 89, 810 exist;
(2) If = 2, then types 8941; 410; 49 exist;
(3) If = 4, then types 29; 210; 8921; 4921 exist.
Proof. The designs with 9 groups are simply transversal designs.
A (9; 1) GDD of type 810 is given by the diKerence set
(0; 49; 47; 73; 46; 55; 68; 4; 32)
which is developed over Z80. The groups are points with the same residue modulo 10.
If we identify the points 40 with 0, 50 with 10, 60 with 20 and 70 with 30, then we
get a design that could be described as a (9; 2) GDD of type 8941 missing a (9; 1)
GDD of type 89, and since a TD(9; 8) exists, so does a (9; 2) GDD of type 8941.
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Alternatively, identifying 20, 40, and 60 with 0, and 30, 50 and 70 with 10, then
adjoining a TD3(9; 8) gives a (9; 4) GDD of type 8921.
Reducing our diKerence set (mod 40), gives the diKerence set
(0; 9; 7; 33; 6; 15; 28; 4; 32)
which yields a (9; 2) GDD of type 410 when developed over Z40. If we identify the
points 20 with 0 and 30 with 10, then adjoin a TD2(9; 4), we get a (9; 4) GDD of
type 4921.
Reducing our original diKerence set (mod 20), gives the diKerence set
(0; 9; 7; 13; 6; 15; 8; 4; 12)
which yields a (9; 4) GDD of type 210 when developed over Z20.
We might remark that we used the device of identifying points in two diKerent
ways in proving Theorem 2. Firstly, the reduction of the Z80 diKerence set to say Z40
is really the identiFcation of points in the cosets of the normal subgroup Z2 and the
re-presenting of the design in Z80=Z2 ∼ Z40. This dates back at least to [16,23] for
GDDs given by diKerence matrices (i.e., TDs) and for more general GDDs to Gibbons
and Mathon [17, Theorem 2]. Secondly, restricting the identiFcation of points to just
one group was taken from Hanani’s construction of a (7; 3) GDD of type 6721 en route
to his constructing a (309; 7; 3) BIBD [21]. Further examples of this sort can be found
in Abel and Greig [7, Section 8] and a more general construction is given by Zhu [27,
Construction 2.5].
For the next two theorems, it is important to remember that a PBD or a BIBD on
v points can be considered as a GDD with group type 1v.
Theorem 3 (Breaking up blocks). Suppose we have a (v; K; ) PBD, and for each
k ∈K , we have a (k; K1; ) PBD; then we have a (v; K1; ) PBD.
The following theorem su7ces for Flling in our groups.
Theorem 4. Let a (k; ) GDD with group type G1; G2; : : : ; Gn on v points be given
and suppose, for each i¿ 1, we have a (Gi +w; k; ) BIBD missing a (w; k; ) BIBD,
where w¿ 0. Then there exists a (v+ w; k; ) BIBD missing a (G1 + w; k; ) BIBD.
The next lemma provides one of the few designs we use in Theorem 4 with w¿ 1
and w = k:
Lemma 5. There exists a (25; 9; 12) BIBD missing a (3; 9; 12) BIBD.
Proof. Ignoring the 3 inFnite points in the missing (w = 3) subdesign, the required
design is essentially Hanani’s (22; 8; 12) BIBD [20]. Our design is on Z22∪{∞0;∞1;∞2}.
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Note that the last 3 blocks are short, being Fxed under addition by 11 (mod 22), and
their development can be accomplished by repeated addition of 2 (mod 22).
(∞0; 1; 2; 3; 5; 6; 9; 15; 18); (∞1; 1; 2; 3; 5; 8; 9; 10; 15);
(∞2; 1; 3; 4; 9; 13; 18; 19; 21); (∞0; 2; 4; 6; 12; 13; 15; 17; 1);
(∞1; 2; 4; 8; 12; 13; 15; 19; 1); (∞2; 2; 4; 8; 16; 13; 15; 19; 5):
In [4], we studied the (v; 9; ) BIBDs where ∈{2; 4; 8}. Our main result was
Theorem 6.
Theorem 6. The following (v; 9; ) BIBDs exist:
(1) a (v; 9; 2) BIBD when v ≡ 1; 9 (mod 36) except possibly for v∈{189; 253; 505; 765;
837; 1197; 1837; 1845};
(2) a (v; 9; 4) BIBD when v ≡ 1; 9 (mod 18) except possibly for v∈{315; 459; 783};
(3) a (v; 9; 8) BIBD when v ≡ 0; 1 (mod 9).
3. Transversal designs
An important element in our constructions is a truncated TD(10; n); for  = 1,
there are tables showing whether a TD(10; n) is known for all values of n of potential
interest [5]. However, there is no such table for ¿ 1, although [13] and [14] do
give some information. (The situation for block sizes 8 and 9 is quite diKerent, and is
summarized in Theorem 24). A number of useful TD(10; n) designs can be deduced
from the following lemma.
Lemma 7. If q is a prime power, then the following designs exist:
(1) a RTDqm(qm+n; qn) for m¿ 0 and n¿ 0;
(2) a RTD2(2q; q);
(3) a RTD4(4q; q).
Proof. For (1), Frst construct a (qn+m; qn+m; 1) diKerence matrix over GF(qn+m); a
(qn+m; qn; qm) diKerence matrix and hence a RTDqm(qm+n; qn) is now obtainable as in
[16, Corollary 1.9]. For (2) and (3), see [23] and [15].
Our main aim in this section is to establish an existence result for TD3(10; n)s, but
we also give a few new TD(k; v)s with ¿ 1 and k = 8; 9. We start by giving some
new direct constructions.
Example 8. If v∈{15; 21; 33; 35} a RTD2(8; v) and hence also a TD2(9; v) exists. Also,
a TD2(8; 14), a TD2(9; 22), and a TD3(10; 28) all exist.
For TD2(8; 14) take the point set as (Z7 ∪ {∞}) × (Z13 ∪ {∞}). Multiply the Frst
two blocks below by (1; y) for y = 1;−1; then develop them mod (7; 13). Take two
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copies of the third block and develop them mod (−; 13). Take two copies of the last
block.
((∞; 0); (0; 0); (1; 3); (2; 4); (3; 10); (4; 12); (5; 8); (6; 2));
((∞; 0); (0; 5); (1; 4); (2; 7); (3; 11); (4; 6); (5; 1); (6;∞));
((∞;∞); (0; 0); (1; 0); (2; 0); (3; 0); (4; 0); (5; 0); (6; 0));
((∞;∞); (0;∞); (1;∞); (2;∞); (3;∞); (4;∞); (5;∞); (6;∞)):
For a RTD2(8; 15) take the point set as (Z7 ∪ {∞}) × Z15; multiply the three blocks
below by (1; y) for y = 1;−1; then develop the multiples of the Frst two blocks
mod (7; 15) and the multiples of the third block mod (−; 15). Note that developing
each block mod (−; 15) gives a parallel class.
((∞; 0); (0; 9); (1; 3); (2; 11); (3; 13); (4; 4); (5; 5); (6; 8));
((∞; 0); (0; 14); (1; 1); (2; 5); (3; 0); (4; 8); (5; 12); (6; 2));
((∞; 0); (0; 6); (1; 6); (2; 6); (3; 6); (4; 6); (5; 6); (6; 6)):
For a RTD2(8; 21), take the point set as (Z7 ∪ {∞}) × Z21; multiply the three blocks
below by (1; y) for y = 1;−1 and develop the resulting 6 blocks mod (7; 21).
((∞; 0); (0; 2); (1; 5); (2; 6); (3; 9); (4; 11); (5; 1); (6; 6));
((∞; 0); (0; 5); (1; 9); (2; 14); (3; 3); (4; 17); (5; 3); (6; 11));
((∞; 0); (0; 0); (1; 1); (2; 7); (3; 19); (4; 17); (5; 8); (6; 8)):
For TD2(9; 22), take the point set as Z9 × (Z21 ∪ {∞}). Multiply the Frst two blocks
below by (1; y) for y=1;−1, then develop the multiples of these blocks and the third
mod (9; 21). Finally develop the last block mod (−; 21).
((0; 0); (1; 5); (2; 12); (3; 4); (4; 17); (5; 18); (6; 15); (7; 13); (8; 11));
((0;∞); (1; 0); (2; 10); (3; 6); (4; 20); (5; 5); (6; 17); (7; 8); (8; 7));
((0; 0); (1; 5); (2; 8); (3; 14); (4; 10); (5; 10); (6; 14); (7; 8); (8; 5));
((0; 0); (1; 0); (2; 0); (3; 0); (4; 0); (5; 0); (6; 0); (7; 0); (8; 0)):
For TD3(10; 28), we Frst construct a TD3(10; 28) − TD3(10; 3) over Z10 × (GF25 ∪
{∞1;∞2;∞3}). Let x be a primitive element of GF(25) satisfying x2 = x+3; multiply
the following blocks below by (1; y) for y=1; x8; x16; then develop the multiples of the
Frst three mod (10; 52) and the three (identical) multiples of the last one mod (−; 52).
Finally form a TD3(10; 3) on Z10 × ({∞1;∞2;∞3}); this TD is obtainable from a
(3; 9; 3) diKerence matrix [14].
((0;∞1) (1; 1) (2; x2) (3; x11) (4; x4) (5; x15) (6; x16) (7; x14) (8; x5) (9; x13));
((0;∞2) (1; 1) (2; x12) (3; x11) (4; x15) (5; x16) (6; x5) (7; x18) (8; x8) (9; x));
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((0;∞3) (1; 1) (2; x15) (3; x5) (4; x16) (5; x17) (6; x10) (7; x9) (8; x13) (9; x4));
((0; 0) (1; 0) (2; 0) (3; 0) (4; 0) (5; 0) (6; 0) (7; 0) (8; 0) (9; 0)):
For a RTD2(8; 33) take the point set as Z8 × Z33. Multiply the Frst four blocks below
by (1; y) for y = 1; 10 and develop the resulting eight blocks mod (8; 33). Then take
two copies of the last block and develop them mod (−; 33).
((0; 0); (1; 15); (2; 25); (3; 27); (4; 1); (5; 22); (6; 11); (7; 10));
((0; 0); (1; 15); (2; 6); (3; 17); (4; 3); (5; 19); (6; 26); (7; 2));
((0; 0); (1; 6); (2; 3); (3; 20); (4; 12); (5; 5); (6; 8); (7; 28));
((0; 0); (1; 6); (2; 18); (3; 19); (4; 2); (5; 15); (6; 29); (7; 25));
((0; 0); (1; 0); (2; 0); (3; 0); (4; 0); (5; 0); (6; 0); (7; 0)):
For a RTD2(8; 35) take the point set as (Z7 ∪ {∞}) × Z35; multiply the Fve blocks
below by (1; y) for y = 1; 6; then develop the resulting 10 blocks mod (7; 35).
((∞; 0); (0; 2); (1; 9); (2; 25); (3; 20); (4; 15); (5; 32); (6; 12));
((∞; 0); (0; 23); (1; 32); (2; 11); (3; 11); (4; 30); (5; 22); (6; 30));
((∞; 0); (0; 1); (1; 14); (2; 8); (3; 4); (4; 28); (5; 8); (6; 9));
((∞; 0); (0; 0); (1; 21); (2; 4); (3; 29); (4; 10); (5; 16); (6; 18));
((∞; 0); (0; 6); (1; 29); (2; 27); (3; 23); (4; 26); (5; 3); (6; 7)):
Example 9. A TD3(9; 6) is given by a 9×108 orthogonal array OA3(9; 6) over I2×Z3.
Each of the 12 columns below generates 3 of the Frst 36 columns; for c∈{0; 1; 2},
add (0; 0) to the Frst three rows, (0; c) to the second three, and (0; 2c) to the last three.
Finally, develop the 36 columns obtained mod (−; 3).
10 00 00 10 00 00 00 10 10 10 00 10
10 11 00 00 12 00 01 02 12 11 10 01
10 02 11 00 01 10 00 01 02 12 12 11
10 10 00 10 00 00 10 00 00 00 10 10
10 11 10 01 11 00 00 12 00 01 02 12
10 12 12 11 02 11 00 01 10 00 01 02
10 00 10 10 10 00 10 00 00 10 00 00
10 01 02 12 11 10 01 11 00 00 12 02
10 00 01 02 12 12 11 02 11 00 01 10
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Example 10. An RTD3(9; 8) is given by a 9 by 24 diKerence matrix over Z2×Z2×Z2.
000 110 111 001 011 100 110 001
111 000 111 101 010 110 011 010
110 101 000 101 001 100 111 100
101 111 001 000 001 010 011 011
110 001 101 010 000 010 100 110
011 111 010 001 100 000 100 111
011 110 101 100 010 011 000 101
101 001 010 100 011 110 111 000
000 000 000 000 000 000 000 000
000 010 101 001 100 111 110 010
111 000 100 001 010 011 101 100
001 101 000 011 010 100 110 011
111 010 001 000 110 100 011 110
110 101 100 010 000 111 011 111
110 111 001 011 100 000 101 101
001 111 101 010 110 011 000 001
111 101 001 010 100 011 110 000
000 000 000 000 000 000 000 000
000 111 101 011 101 100 010 011
100 000 101 001 110 001 011 110
110 011 000 001 010 111 010 111
100 111 110 000 010 100 101 101
001 011 101 111 000 100 011 001
110 010 110 001 101 000 011 010
110 111 100 111 010 001 000 100
011 110 111 101 001 010 100 000
000 000 000 000 000 000 000 000
This diKerence matrix can be described as three bordered 7 by 7 “progressive circu-
lants”. Each circulant satisFes A(i+1; j+1)= xA(i; j) where x satisFes x3 + x+1= 0
and is a generator for GF(8). The bordering last column satisFes C(i+1; j) = xC(i; j)
and the bordering last two rows satisfy B(i; j + 1) = xB(i; j); the last row satisFes this
trivially, since its entries are all zero. The borders intersect in zeros. It is also worth
noting that the sum of the 24 elements in any row is zero, as is the row-sum of the 3
bordering columns, and the bordering rows for each circulant.
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Example 11. An RTD4(12; 6) is given by a 12 × 24 (6; 12; 4) diKerence matrix over
Z6. Twelve columns of this matrix are given below; the other 12 are obtained by
adding 0 to the Frst six rows and 3 to the last six rows. Note that if each value in the
array below was replaced by its mod 3 value, then all the 3 × 3 sub-arrays would be
back-circulant and we would have a (3; 12; 4) diKerence matrix.
0 2 2 0 2 0 0 1 0 2 2 3
2 2 3 5 3 3 4 0 0 5 0 5
2 3 5 0 0 2 3 0 4 3 2 2
1 4 2 0 3 4 4 4 3 1 4 2
1 5 1 3 4 0 4 0 1 4 2 1
2 4 1 4 0 3 0 4 1 2 1 4
0 1 1 0 2 2 1 2 1 2 0 2
1 4 0 2 2 3 5 4 4 0 5 2
1 0 4 5 0 2 4 4 5 2 2 3
1 0 3 0 4 0 0 5 2 5 4 2
3 3 4 1 3 0 5 2 0 1 2 2
3 1 3 3 0 4 5 3 2 2 5 1
Example 12. An RTD3(9; 7) is given by the diKerence matrix generated by developing
the following blocks over I3 × Z3 × Z7.
(001; 012; 024; 101; 112; 114; 206; 215; 223);
(000; 011; 024; 104; 116; 126; 202; 210; 220);
(000; 010; 023; 104; 113; 122; 204; 212; 223):
Multiply the last two blocks by (1; 1; y) for y = 1; 2; 4. Then cycle the resulting 7
blocks mod (−; 3;−) for the diKerence matrix. Clearly cycling any block mod (−;−; 7)
gives a parallel class.
We now quote Fve lemmas given by Colbourn [12]; the Frst three are not given
in their most general form, merely in the form we need for our present use. The Ffth
lemma we prove in detail, since we also provide an extension.
Lemma 13. If a TD(k; m) and a TD(k; n) exist, then a TD(k; mn) exists.
Lemma 14. (1) Suppose that a TD(11; n), a TD3(10; w), a TD(10; w + 1) and a
TD3(10; a) all exist, and 06 a6 n, then a TD3(10; wn+ a) exists.
(2) If a TD3(11; n), a TD(10; w), a TD(10; w + 1) and a TD3(10; a) all exist, and
06 a6 n, then a TD3(10; wn+ a) exists.
Lemma 15. If a TD(12; n), a TD3(10; w), a TD(10; w+1), a TD(10; w+2), a TD3(10; a)
and a TD3(10; b) all exist, and 06 a6 b6 n, then a TD3(10; wn+ a+ b) exists.
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Lemma 16. If a TD1(k; n− 1) and a TD1(k; n+ 1) exist, then a TD2(k; n) exists.
Lemma 17. If a TD(k; v + 1) exists and 2v − 1 is a prime power, then a TD3(k; v)
exists.
Proof. Start by constructing a TD(k; 2v−1) over Ik ×GF(2v−1). This TD can be ob-
tained by taking an arbitrary set {y1; y2; : : : ; yk} of distinct elements of GF(2v−1) and
forming 2v−1 blocks Bc=((0; c ·y1); (1; c ·y2); : : : ; (k−1; c ·yk)) for c∈GF(2v−1); we
then develop all these blocks over GF(2v−1). Note that when constructed this way, if
((0; z1); (1; z2); : : : ; (k−1; zk)) is any block in the design then so is ((0;−z1); (1;−z2); : : : ;
(k − 1;−zk)); when the vector (z1; z2; : : : zk) consists entirely of zeros, do not include
this block; otherwise, always include one of these two blocks only. We then rela-
bel the point set as Ik × Iv; let x be an arbitrary primitive element in GF(2v − 1),
and for 16 t6 v − 1, relabel the points xt ;−xt as t; we also label the zero point
as v.
We next form a TD(k; v + 1) over Ik × Iv+1 but relabel the point v + 1 as v; this
way, its adjusted point set also becomes Ik × Iv. We also form this design so that one
of its blocks is ((0; v); (1; v); (2; v); : : : ; (k − 1; v)) and delete this block.
The ((2v−1)2−1)=2 blocks from the Frst of these two designs plus the (v+1)2−1
blocks from the second design then give us a total of 3v2 blocks for the required
TD3(k; v) over Ik × Iv.
Corollary 18. If a TD(k; v + 1) exists, and 2v − 1 is a product of prime powers, all
greater than k, then a TD3(k; v) exists.
Proof. The proof essentially follows Lemma 17. If 2v − 1 = q1 · q2 · ·qm, it is not
hard to see that we can still construct a TD(k; 2v − 1) over Ik × (GF(q1)× GF(q2)×
·s × GF(qm)) with the property that if ((0; z1); (1; z2); : : : ; (k − 1; zk)) is a block, then
((0;−z1); (1;−z2); : : : ; (k − 1;−zk)) is also; use this instead.
Finally we have the following familiar lemma.
Lemma 19. Any 10 consecutive numbers contain at least one that is not divisible by
2, 3, 5 or 7. Consequently, any 10 consecutive numbers starting at 11 or greater
contain at least one, n, which is the order of a TD(12; n).
Lemma 20. If 1656 n6 833, and n ∈ {188–194; 222–239; 324–344; 545–554}, then a
TD3(10; n) exists.
Proof. Using the known results for orders up to 50 given in [13, Table II.4.3], we can
apply Lemma 15 with w= 15, and 06 a6 b6 49, and n given by the prime powers
11 through 49.
In the next lemma, we establish existence of a TD3(10; n) for all values of n in the
range [88; 833] that were not handled in the previous lemma, except 102.
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Lemma 21. A TD3(10; n) exists for the following values of n:
(1) n∈{156–164}; n∈{228–239}; n∈{324–344}; n∈{545–554};
(2) n∈{110–114; 117–121}; n∈{130–143}; n∈{190–194};
(3) n∈{88–99}; n∈{104–117}; n = 129; n∈{144–149; 151–153}; n∈{154–155};
n∈{222–225}; n∈{226–227};
(4) n∈{64–68}; n∈{124–128};
(5) n∈{100; 101; 103; 122; 123; 150; 188; 189}.
Proof. For most values in part (1), apply Lemma 14.1 with w=12 and n=13; 19; 27
and 43. We cannot use a = 5; 6; 14; 20 or 35 in this lemma, but the corresponding
values of v can be handled by Lemma 13, since 161=7 ·23, 162=2 ·81, 233 is prime,
234= 18 · 13; 329= 7 · 47; 330= 30 · 11; 338= 2 · 169; 344= 8 · 43 and 551= 19 · 29.
For part (2), apply Lemma 14.1 with w = 10 and n= 11, 13 and 19. To deal with
unusable values of a, we use Lemma 13, noting that 135 = 15 · 9 and 136 = 8 · 17.
For part (3), apply Lemma 14.1 with w=8 and n=11, 13, 16, 17, 19, 25 and 27. To
deal with unusable values of a, we use Lemma 13, noting that 93= 3 · 31; 94= 2 · 47,
109 is prime and 110 was handled in part (2).
For part (4), apply Lemma 14.2 with w = 16 and n = 4, or with w = 31
and n= 4.
For part (5), 101; 103 are prime, 150 can be handled by Lemma 17 (since 151 is
prime and 299=13 · 23), and all others can be factorized for an application of Lemma
13: 100 = 4 · 25; 122 = 2 · 61; 123 = 3 · 41; 188 = 4 · 47, 189 = 21 · 9.
Theorem 22. If n ∈ {5; 6; 14; 20; 35; 45; 55; 56; 60; 78; 84; 85; 102}, then there exists a
TD3(10; n).
Proof. We can take the values up to 50 from [12, Table II.4.3], amended by Examples
12, 10 and 8 for v=7; 8 and 28. Lemmas 20 and 21 covered the ranges [88; 833] and
[64; 68]. For the remaining small values in the ranges [51; 63] and [69; 87], all except
70 are either prime powers, or are easily factored for an application of Lemma 13. For
n= 70, apply Lemma 17.
Finally, we must also consider n¿ 833, which we do by applying Lemma 15 with
w=15. For the range 7956 n6 1341, we may use the prime powers in the range 53
through 79 for the value of n in Lemma 15. For n¿ 1341, since the value of n we
will use in Lemma 15 exceeds 81, we can pick 06 a6 b6 75, such that a + b can
take on any value from 0 through 150. Now, the largest gap between suitable values
of n is 10, by Lemma 19, so for n¿ 81 the ranges of values constructed by suitable
consecutive values of n abut or overlap, and hence a construction is available for any
order exceeding 1341.
Lemma 23. Suppose m satis?es one of the conditions below (in particular m must lie
in one of the given residue classes mod 3). Then there exist some n; r satisfying the
corresponding conditions below (note that n; r must also lie in given residue classes
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mod 3) such that (a) m= 9n+ r; 06 r6 n and (b) a ({9; 10}; 3) GDD of type n9r1
exists.
(1) m; n; r ≡ 0; 1 (mod 3); m¿ 135; m ∈ {211–214; 436} and n; r ∈ {22; 43; 48};
(2) m; n; r≡ 0; 1 (mod 3), m∈{27–30; 36–40; 63–70; 81–100; 108–130} and n; r ∈
{22; 43; 48};
(3) m; n; r ≡ 0; 2 (mod 3) m¿ 135 and m ∈ {152; 182–188}, and n; r ∈ {53};
(4) m; n; r ≡ 0; 2 (mod 3); m∈{27; 29; 72–90; 99–120}, and n; r ∈ {53};
(5) m; n; r ≡ 0; 1 (mod 3); m¿ 135; m ∈ {136; 138; 163; 165; 192; 271; 273} and n; r ∈
{1; 3};
(6) m; n; r ≡ 0; 1 (mod 3), m∈{63; 67–70; 81; 85–90; 94–100; 108; 112–130}, and n; r ∈
{1; 3}.
Proof. By truncating one group of some TD3(10; n) to size r we can obtain all these
designs. Recall from the Theorem 22 that a TD3(10; n) exists for n ∈ {5; 6; 14; 20; 35; 45;
55; 56; 60; 78; 84; 85; 102}.
Theorem 24. A TD(8; n) with ¿ 1 exists for all n;  except for = 2; n= 2; 3 and
possibly for = 2; n= 6; 34:
A TD(9; n) with ¿ 1 is known, except where noted below:
(1) Let E={2; 3; 6; 14; 34; 38; 39; 50; 51; 54; 62}. If n ∈ E, then there exists a TD2(9; n).
(2) If n ∈ {5; 45; 60}, then a TD3(9; n) exists.
(3) If n ∈ {6; 14}, then a TD5(9; n) exists.
Proof. For most values, see [12]. For k = 9;  = 3 and v = 14; 20, see [2]; for k =
9;  = 5, see [14], for v = 3 and thence Lemma 13 for v = 39; 51; for (v; k; ) =
(14; 8; 2); (15; 9; 2); (21; 9; 2); (22; 9; 2) (33; 9; 2); (35; 9; 2); (6; 9; 4) and (6; 9; 3), see
Examples 8, 11 and 9. For (v; k)=(75; 9), and =2, or 5, even a TD1(9; 75) is known
[6]. Finally, a TD2(9; 74) follows from Lemma 16.
Also, a few new designs with large index can be obtained by combining copies of
smaller known designs, for instance, TD11(9; 6) can be obtained by combining two
copies of TD4(9; 6) with one copy of TD3(9; 6).
4. Grouplet divisible designs
Grouplet divisible designs were discussed in more detail in [3]. Here we begin by
giving a deFnition of a gDD.
De-nition 25. Let (V;G;B) be a triple, where V is a point set, G is a -resolution
set of V, say, G= {G1;G2; : : : ;Gn}, and each point of V appears in  of the sets in
G, and B is a block set. Then (V;G;B) is a (K; ) grouplet divisible design (a gDD)
if each pair of points occurs  times in B ∪G, and each block in B has a size in K .
If the grouplets are of uniform size k1, we will denote the gDD as a (K; ) gDD(k1).
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Remark 26. Note that in the special case that the grouplet structure consists of 
identical parallel classes, then a gDD is equivalent to a GDD. In this case, it is usual
to merely specify one of these parallel classes as the “group type”.
Remark 27. We may construct a (k; ) gDD(k − 1) from a (v; k; ) BIBD by deleting
a point and using the blocks through that point to deFne the grouplets. We may also
construct a (k; ) gDD(k) from a (v; k; ) BIBD by deleting a -resolution set (assuming
one exists), and using its blocks to deFne the grouplets.
We now consider the use of gDDs as master designs in WFC. This will create
designs that are some sort of hybrid between gDDs and GDDs. Since we are going to
Fll these inCated grouplets to get the designs of interest, we present our construction
in a combined theorem. We note that Zhu [27, Construction 2.4] has given a related
result.
Theorem 28. Suppose there exists a (k; ) gDD(k1) on v points, and also a TD(k; m),
and a (mk1 + w; k; ) BIBD missing a (w; k; ) BIBD as a subdesign, where w¿ 0.
Then there exists a (mv+ w; k; ) BIBD missing a (w; k; ) BIBD as a subdesign.
Proof. The construction starts oK like Wilson’s Fundamental Construction. Each point
of the original gDD, e.g., x, is replaced by m new points, (x; i), for i=1; 2; : : : ; m, and
for each block of the gDD we form a TD(k; m) on its points with the groups of the
TD aligned so that the groupmates all have the same Frst coordinate. Finally, we form
each Flling BIBD on each inCated grouplet plus the w extra points.
Now consider some original pair of points, x and y. Suppose this pair occurs c
times in the grouplets, and  − c times on the gDD blocks. After we have performed
the inCation with the TD, the point (x; 1) will appear in ( − c) blocks with (y; 1),
but no blocks with (x; 2). Now when we Fll this design, since the point x was in 
grouplets, the point (x; 1) will appear in  blocks with (x; 2). Also, since the pair
x; y was in c grouplets, the generated points (x; 1) and (y; 1) will appear in c Flling
blocks.
Finally, the w added points will appear in  blocks with (x; 1), that is,  blocks
from each of the Flling designs involving a grouplet containing x.
Corollary 29. A (v; 9; ) BIBD exists in the following cases:
(1) = 6 and v∈{165; 177; 253; 285};
(2) = 12 and v∈{115; 183; 187}.
Proof. Since a (33; 9; 3) BIBD can be formed by residualization from a symmetric
(i.e., v= b) (45; 12; 3) BIBD, it can be constructed so as to contain a -resolution set.
In Example 40 later, we construct a (57; 9; 3) BIBD which contains a 3-resolution set.
We can also construct a (9; ) gDD(8) on v − 1 points by deleting a point from a
(v; 9; ) BIBD, if such a BIBD exists. Here the blocks through the deleted point form
the grouplets. With these examples of gDDs, we may construct the required BIBDs
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using Theorem 28 with the following designs:
result BIBD master BIBD ingredient w Fller BIBD
(165; 9; 6) (33; 9; 3) TD2(9; 5) 0 (45; 9; 2)
(177; 9; 6) (45; 9; 2)− 1 TD3(9; 4) 1 (33; 9; 3)
(253; 9; 6) (37; 9; 2)− 1 TD3(9; 7) 1 (57; 9; 3)
(285; 9; 6) (57; 9; 3) TD2(9; 5) 0 (45; 9; 2)
(115; 9; 12) (57; 9; 3) TD4(9; 2) 1 (19; 9; 4)
(183; 9; 12) (27; 9; 4)− 1 TD3(9; 7) 1 (57; 9; 3)
(187; 9; 12) (63; 9; 4)− 1 TD3(9; 3) 1 (25; 9; 3):
5. Direct constructions
This paper is based on a number of direct constructions. There is an art to searching
for examples of designs: one needs to decide on an automorphism one can exploit
to cut down the search space to a subspace that can be searched with some hope of
quickly arriving at a success. Although we do not know where the solutions all lie
within the search space, in this section we managed to choose automorphisms that we
could exploit with ease, and still have a rich enough density of solutions to ensure that
success was achieved fairly easily. In the later sections our choice of automorphisms
is more carefully tailored to deal with particular obstreperous cases.
One decision one can make in constructing a GDD of type Vq on the point set IV ×
GF(q), say, is on the placement of the IV element of the points. In [4], we introduced
a construction for GDDs using one placement that exploited known constructions of
balanced ternary designs, or BTDs. This was extended to balanced n-ary designs, or
BnDs, in [19], and this is the construction we discuss in the next subsection.
5.1. Balanced n-ary designs
In this subsection we are able to reduce a GDD construction problem to that of
constructing a suitable BnD, at least for  not too small and when the number of
groups is a prime power.
A “balanced n-ary design” can be represented by its V by B “incidence matrix”, N .
The entry Nvb of this incidence matrix is the number of times the vth point occurs in
the bth block. All entries satisfy 06Nvb ¡n.
De-nition 30. A (V; B; R; K; ) BnD is “suitable” if its incidence matrix, N , satisFes:
N1= R1; (1)
1TN = K1T; (2)
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NTN =RI + J; (3)
R(K − 1) = V: (4)
Theorem 31. If a “suitable” (V; B; R; K; ) BnD exists, and q is a prime power, then
a (K; ) GDD of type Vq for q¿K .
Proof. Here we give a partial proof, giving the construction but not verifying its
properties; a full proof is available in [19].
Our GDD will be on the point set IV × GF(q). For each block of the BnD, we
replace each of its points, bi for 16 i6K , by the new points (bi; ai), where the ai
are K distinct elements of GF(q). We repeat this for all blocks of the BnD; the choice
of the as can vary from block to block of the BnD. We now multiply these blocks by
(1; g) for g∈GF(q) \ {0}. These form the base blocks of our GDD, to be developed
over GF(q).
Remark 32. We can sometimes improve the construction of Theorem 31. Suppose
from the original BnD incidence matrix, N , we form a new matrix, M , by reducing
at most one entry per column by 1. Note we do not have to make a reduction in
every column. Let c be the maximum reduction made in any column (so c6 1 and
c = 0 iK M = N ). Now let f be a factor of every entry in M . If q= 1 (modf), then
we can construct a (K; =f) GDD of type Vq for q¿K . Let t = (q − 1)=f, and x
be a primitive element of GF(q). Now, instead of making an arbitrary placement of
distinct as as in Theorem 31, we place distinct cosets (of size f) and, if c¿ 0, then
we place an element a=0 in each reduced entry. It is clear the generated base blocks
are invariant under multiplication by (1; xt).
Corollary 33. Let q¿ 9 be a prime power. The following GDDs exist:
(1) a (9; 6) GDD of type 12q;
(2) a (9; 12) GDD of type 6q;
(3) a (9; 18) GDD of type 4q, and a (9; 6) GDD of type 4q if q ≡ 1 (mod 3);
(4) a (9; 24) GDD of type 3q, and a (9; 6) GDD of type 3q if q ≡ 1 (mod 4) and a
(9; 3) GDD of type 3q if q ≡ 1 (mod 8);
(5) a (9; 36) GDD of type 2q, and a (9; 18) GDD of type 2q if q ≡ 1 (mod 2) and a
(9; 12) GDD of type 2q if q ≡ 1 (mod 3);
(6) a (10; 24) GDD of type 4q, and a (10; 8) GDD of type 4q if q ≡ 1 (mod 3).
Proof. This will follow from Theorem 31 and Remark 32 once we exhibit the appro-
priate BnD.
For V = 12, take (00; 00; 00; 10; 11; 12; 13; 14; 15) over Z2 × Z6.
For V = 6, take (0; 0; 0; 0; 1; 2; 3; 4; 5) over Z6.
For V = 4 and K = 9, take (01; 01; 01; 10; 10; 10; 11; 11; 11) over Z2 × Z2.
For V = 4 and K = 10, take (00; 01; 01; 01; 10; 10; 10; 11; 11; 11) over Z2 × Z2.
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For V = 3, take (0; 1; 1; 1; 1; 2; 2; 2; 2) over Z3.
For V = 2, take (0; 0; 0; 1; 1; 1; 1; 1; 1) over Z2.
Although all the examples of BnDs we have given in Corollary 33 can be generated
over the elementary Abelian group, with the consequence that we could have given the
resulting GDDs as diKerence families, we should emphasize that this is largely a fortu-
itous accident (although we naturally looked at the EA groups Frst). The construction
in Theorem 31 does not depend on the BnD having a “nice” structure, and indeed our
construction of (9; 2) GDDs of type 36q in [4] used a BnD without much apparent
structure. However, when we have a BnD with some nice structure, then possibly we
can exploit that structure and improve the index of the design, possibly following a
search.
Buratti [10] was able to search for particular cosets in the V = 2 and V = 4 BnDs
we gave in Corollary 33, and he gave examples of (9; 1) GDDs of types 2q and 4q
where q was a prime (sic) with q ≡ 1 (mod 36) or (mod 18). He found examples
for all 3976 q¡ 1000 in the former case, and all 1636 q¡ 1000 except q = 199
in the latter case. We also conducted a similar search, and found examples for all
1000¡q¡ 16 384 with q ≡ 1 (mod 18) for q a prime (sic), as well as q = 73 (with
(a; b)=(2; 4) in Buratti’s notation). Buratti [10, Theorem 3.3] also gave a more general
improvement; note that it is clear from Buratti’s proof, the value q= K is valid if all
the other hypotheses are met.
Theorem 34. Suppose f is de?ned as in Remark 32, q ≡ 1 (modf) and both f and
q are odd. If V = 2e and the BnD is given by a di@erence family over GF(2e) for
some e, then a (K; =(2f)) GDD of type Vq exists if q is a prime power with q¿K .
Corollary 35. Let q¿ 9 be a prime power. The following GDDs exist:
(1) a (9; 3) GDD of type 4q, if q ≡ 1 (mod 6);
(2) a (9; 6) GDD of type 2q, if q (mod 6);
(3) a (10; 4) GDD of type 4q, if q ≡ 1 (mod 6).
Another improvement of an apparently general nature is available, but we only have
one example.
Theorem 36. Let q¿ 9 be a prime power. Then a (9; 3) GDD of type 3q exists if
q ≡ 1 (mod 8).
Proof. Let x be a primitive generator for GF(q) and let q= 8t + 1, and xt = w be an
8th root. Let B0 be deFned by
((0; 0); (1; 1); (1;−1); (1; w2); (1;−w2); (2; w); (2;−w); (2; w3); (2;−w3)):
Let Bi = (1; xi) · B0 for i= 0; 1; : : : ; t − 1. Then the Bis form a set of base blocks to be
developed over Z3 × GF(q).
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5.2. More direct constructions
In this subsection we give some series of BIBDs which probably exist for all prime
powers of the appropriate modulo class, but our proof is constructive rather than
theoretical, and so only extends as far as our computations do.
Theorem 37. Let v be a prime power.
(1) If v ≡ 1 (mod 24) and v6 3001, then a (v; 9; 3) BIBD exists.
(2) If v ≡ 1 (mod 12) and v6 3001, then a (v; 9; 6) BIBD exists.
(3) If v ≡ 1 (mod 6) and v¿ 13, then a (v; 9; 12) BIBD exists.
Proof. For v = 25, this result is well-known [25] and for v = 49, see [26]. For the
remaining designs, let x be a primitive generator of GF(v), and let w be a cube root.
Now consider B0 = (1; w; w2; a; aw; aw2; b; bw; bw2), and the family of Bi = miB0 for
i = 0; 1; : : : ; t − 1, where t = (v − 1)=72 and m = xc with c = 12=. Note that the set
{1; w; w2} is not dependent on the choice of primitive root when v is prime. In the
prime case, the set of multipliers, mi, can be dependent on the choice of primitive
root, but the only possible eKect on the Bis is that some might be multiplied by −1.
The question now is whether we can choose a and b such that the elements of B0
are distinct, and the family forms a diKerence family in GF(v) for a (v; 9; ) BIBD.
This is always possible in case (3) when =12, and one such choice is a= x; b= x2
(see, e.g., [20, Lemma 4.3]). Greig [18] showed a choice is possible even if  = 1
with v ≡ 1 (mod 72) for v¡ 32 767 with just a few exceptions (namely for v = 289,
361, 433, 577, 1009, although an alternative diKerence family is known for the last
three exceptions [1,9]). Abel [1, Table IV.10.45] showed a choice is possible if = 2
with v ≡ 1 (mod 36) for v6 9901 with just a few possible exceptions (namely for
v = 37, 433, 1009, although for v = 37 the choice a = 7; b = 12 works). The choice
of a; b for = 3 with v ≡ 25; 49 (mod 72) and v= 289 or 361 with v¿ 73 is given in
Tables 3 and 4. The choice of a; b for  = 6 with v ≡ 13; 61 (mod 72) is given in
Tables 1 and 2.
Remark 38. The searches for (v; 9; 3) and (v; 9; 6) BIBDs conducted for Theorem 37
actually covered v¡ 16 384. This search was successful in this range for all prime
power v¿ 3000, but we do not need those results here.
Table 1
Some solutions for Theorem 37.2
v Prim’ve poly. m a b
25 x2 = 4x + 3 4x + 3 x 3x + 2
49 x2 = 6x + 4 6x + 4 x 5x + 3
2197 x3 = 12x2 + 11 x2 x 5x2 + 11x + 6
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Table 2
More solutions for Theorem 37.2
v a b v a b v a v
13 2 4 61 2 8 157 5 25
229 6 142 277 5 121 349 2 128
373 2 278 421 2 32 661 2 256
709 2 32 733 6 36 853 2 512
877 2 16 997 7 32 1021 10 811
1069 6 216 1093 5 625 1213 2 128
1237 2 4 1381 2 667 1429 6 631
1453 2 1024 1597 11 121 1669 2 4
1741 2 32 1789 6 620 1861 2 8
1933 5 25 2029 2 4 2221 2 837
2293 2 8 2389 2 8 2437 2 8
2677 2 4 2749 6 36 2797 2 128
Table 3
Some solutions for Theorem 37.1
v Prim’ve poly. m a b
121 x2 = 10x + 4 2x + 9 10x + 4 2x + 9
169 x2 = 12x + 11 3x + 2 x 12x + 7
289 x2 = 16x + 14 5x + 6 16x + 14 5x + 6
361 x2 = 18x + 17 3x + 2 x 10x + 9
529 x2 = 22x + 16 13x + 19 22x + 16 19x + 7
625 x4 = 4x3 + 4x + 2 4x3 + 4x + 2 x x3 + 2x2 + x + 1
841 x2 = 28x + 26 5x + 6 x 19x + 17
961 x2 = 30x + 19 23x + 8 x 18x + 23
1369 x2 = 36x + 32 9x + 20 x 9x + 20
1681 x2 = 40x + 29 23x + 9 x 15x + 26
1849 x2 = 42x + 40 5x + 6 x 34x + 13
2209 x2 = 46x + 34 25x + 15 x 34x + 34
2401 x4 = 6x3 + 6x2 + 4 6x3 + 6x2 + 4 x 6x3 + 6x2 + 1
2809 x2 = 52x + 48 9x + 20 x 12x + 6
Table 4
More solutions for Theorem 37.1
v a b v a b v a b
97 25 46 193 5 87 241 7 45
313 10 60 337 10 125 409 21 243
457 13 380 601 7 293 673 5 246
769 11 121 1033 5 212 1129 11 753
1201 11 171 1249 7 395 1321 13 619
1489 14 1418 1609 7 1186 1753 7 756
1777 5 1710 1993 5 1405 2113 5 834
2137 10 1621 2281 7 1088 2473 5 2182
2617 5 1976 2689 19 2219 2713 5 1980
2833 5 1270 2857 11 107 3001 14 1175
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6. BIBDs with block size 9 and index 3
Our object in the remaining sections is to construct (v; 9; ) BIBDs with  = 3, 6
and 12. In this section, we treat the case = 3.
Lemma 39. The following designs exist:
(1) a (33; 9; 3) BIBD;
(2) a (9; 1) GDD of type 333 and a ({9; 10}; 1) GDD of type 334;
(3) a (v; 10; 3) BIBD for v= 31; 61 and a (v; {9; 10}; 3) PBD for v∈{30; 34; 58; 60}.
Proof. Mathon [24] was able to replace the ones in the incidence matrix of a (45; 12; 3)
BIBD by 3 by 3 permutation matrices to yield a (12; 1) GDD of type 345. We can
remove the 12 points of a block of the BIBD (i.e., residualize), or 11 points of a block
for the v=33 or 34 point designs. These designs are embedded in the 45 point BIBD,
and there are similarly induced embeddings of the two required GDDs.
A (31; 10; 3) BIBD is given by a projective geometry [25]; a (61; 10; 3) BIBD is
given by Morales [26]. We can remove a point from these two designs.
The (58; {9; 10}; 3) PBD can be formed by adding a point to a 3-resolution set of
the (57; 9; 3) BIBD given in Example 40.
Example 40. There exist (57; 9; 3) and (105; 9; 3) BIBDs with a 3-resolution set.
For (57; 9; 3) the point set is Z3×Z19, and the automorphisms are: T1(x; y)=(x; y+1)
(of order 19), and T2(x; y)=(x+1; 7y) (of order 3). The Frst base block below remains
invariant under T2 and generates 19 blocks which form a 3-resolution set. The other
two base blocks generate 57 blocks each.
((0; 4); (0; 9); (0; 10); (1; 9); (1; 6); (1; 13); (2; 6); (2; 4); (2; 15));
((0; 0); (0; 1); (0; 3); (0; 5); (0; 13); (1; 3); (1; 11); (2; 2); (2; 14));
((0; 0); (0; 2); (0; 5); (0; 6); (0; 9); (1; 0); (1; 13); (2; 10); (2; 17)):
For (105; 9; 3), we take the point set is I3 × Z35; here the generating automorphisms
are T1(x; y) = (x; y + 1) (of order 35) and T2(x; y) = (x; 11y) (of order 3). Again the
Frst base block below remains invariant under T2 and generates 35 blocks which form
a 3-resolution set; the others generate 105 blocks each.
((0; 1); (0; 11); (0; 16); (1; 3); (1; 33); (1; 13); (2; 4); (2; 9); (2; 29));
((0; 0); (0; 5); (0; 13); (1; 8); (1; 14); (1; 29); (2; 12); (2; 19); (2; 21));
((0; 0); (0; 9); (0; 13); (1; 1); (1; 5); (1; 8); (1; 9); (1; 28); (2; 22));
((0; 0); (0; 1); (0; 8); (0; 20); (0; 34); (1; 6); (2; 0); (2; 5); (2; 16));
((0; 0); (1; 2); (1; 3); (1; 5); (2; 2); (2; 4); (2; 20); (2; 25); (2; 33)):
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Example 41. The following blocks generate a (129; 9; 3) BIBD over I3×Z43. The auto-
morphisms are: T1(x; y) = (x; y + 1) (of order 43) and T2(x; y) = (x; 6y)
(of order 3).
((0; 1); (0; 6); (0; 36); (0; 5); (0; 30); (0; 8); (1; 16); (1; 10); (1; 17));
((0; 0); (0; 5); (0; 11); (1; 3); (1; 19); (1; 32); (1; 42); (2; 1); (2; 2));
((0; 0); (0; 2); (0; 9); (0; 17); (1; 2); (1; 4); (1; 36); (2; 1); (2; 12));
((0; 0); (0; 19); (0; 22); (0; 33); (1; 16); (2; 22); (2; 27); (2; 31); (2; 39));
((0; 0); (0; 26); (1; 32); (1; 35); (2; 4); (2; 7); (2; 11); (2; 23); (2; 41));
((0; 0); (1; 3); (1; 10); (1; 15); (1; 18); (1; 25); (2; 8); (2; 10); (2; 35)):
Example 42. The following blocks generate a (145; 9; 3) BIBD when developed over
Z145. Each block has to be multiplied by 1 and 12.
(0; 45; 80; 126; 44; 53; 66; 76; 86); (0; 55; 84; 1; 102; 16; 27; 133; 75);
(0; 18; 4; 139; 55; 85; 2; 107; 142):
Example 43. The following blocks generate a (9; 3) GDD of type 917 when developed
over GF(9) × Z17. For GF(9), let x be a primitive element satisfying x2 = 2x + 1.
The Frst block has to be multiplied by (1; y) for y = 1 and 2, and the last has to be
multiplied by (1; y) for y = 1; 2; 4 and 8.
((0; 0); (1; 1); (1; 16); (2; 4); (2; 13); (x + 1; 5); (x + 1; 12); (2x + 2; 3); (2x + 2; 14));
((0; 0); (1; 1); (1; 16); (2; 5); (2; 12); (x + 1; 6); (x + 1; 11); (2x + 2; 4); (2x + 2; 13)):
Example 44. The following blocks generate a (9; 3) GDD of type 941 when developed
over GF(9) × Z41. As before, for GF(9), let x be a primitive element satisfying x2 =
2x + 1. Take (a; b; c; d) = (7; 21; 1; 3); (1; 9; 6; 13) and (1; 14; 6; 2) in the block below,
then multiply these three blocks by (1; m) for m = 1; 23; 37; 31; 16 to generate the 15
base blocks of the design.
((0; 0); (1; a); (1;−a); (2; b); (2;−b); (2x + 1; c);
(2x + 1;−c); (x + 2; d); (x + 2;−d)):
Example 45. The following blocks generate a projective plane of order 9 when
developed over (D3 ∪ {∞}) × Z13, where D3 is the dihedral group of order 6, i.e.,
D3 = 〈a; b : a3 = b2 = (ab)2 = e〉.
(∞; 0); (e; 1); (e; 3); (e; 9); (b; 4); (b; 7); (ba; 12); (ba; 8); (ba2; 10); (ba2; 11);
(∞; 0); (∞; 7); (∞; 8); (∞; 11); (e; 0); (a; 0); (a2; 0); (b; 0); (ba; 0); (ba2; 0):
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The second block is short. If we discard all 13 blocks generated by it, and the points
{∞} × Z13, we obtain a (9; 1) GDD of type 613. Now contract D3 onto the nor-
mal subgroup 〈b : b2 = e〉  Z2 to obtain a (9; 3) GDD of type 213. The base
block becomes (∞; 0); (e; 1); (e; 3); (e; 9); (b; 4); (b; 7); (b; 12); (b; 8); (b; 10); (b; 11). If we
now inCate this GDD with a TD(9; 16), we obtain a (9; 3) GDD of type 3213; Fll-
ing its groups with (33; 9; 3) BIBDs using an extra point gives a (417; 9; 3)
BIBD.
The construction in the previous example can be generalized to give a number of
other (9; 1) GDDs of type 6q for q a prime power ≡ 13mod 24 and q ≡ 1mod 9
(this latter condition is required to ensure that if m is a cube root of unity in
GF(q), then m is not a cube itself). In the above example for q = 13, we have
m = 3; y = 4 and z = 7. Construction 46 is an improved version of one of Buratti’s
constructions [11].
Construction 46. Let q ≡ 13 or 61mod 72 be a prime power and m be a cube root of
unity in GF(q). If we can choose two elements y; z in GF(q) such that: (a) exactly
one of m− 1; y − z is a square, (b), {y − 1; y −m; y −m2; z − 1; z −m; z −m2}
is a set of representatives for the multiplicative cosets Ct = {xi : i ≡ t (mod 6)}, (c)
{my− z; mz−y;my−y;mz− z} is a set of representatives for the cosets At = xi : i ≡
t (mod 4) then a (9; 1) GDD of type 6q exists.
Here the point set is D3 × GF(q) with groups of the form D3 × {a} for a∈GF(q).
If x is a primitive element in GF(q), then the required base blocks to be devel-
oped over D3 × GF(q) are obtained by multiplying the block below by (1; xt) for
t = 0; 12; 24; : : : ; (q− 13).
(e; 1); (e; m); (e; m2); (b; y); (b; z); (ba; ym); (ba; zm); (ba2; ym2); (ba2; zm2):
Theorem 47. If v ≡ 1; 9 (mod 24), then a (v; 9; 3) BIBD exists with the possible ex-
ception of v∈{177; 345; 385}.
Proof. Let v= 8m+ 1 where m ≡ 0 or 1 (mod 3). For most required values of v, this
BIBD can be obtained by Frst writing m=9n+ r (where n; r ≡ 0 or 1 mod 3, n is not
in the exception list in Theorem 22 and r6 n). We Frst form a ({9; 10}; 3) GDD of
type n9r1 by truncating one group of TD3(10; n) to size r). We now give all points in
this GDD a weight of 8 in WFC to obtain a (9; 3) GDD of type (8n)9(8r)1. We then
Fll the groups with nine (8n+1; 9; 3) BIBDs and one (8r+1; 9; 3) BIBD using w=1
in Theorem 4. Lemma 23.1 and 23.2 give the values of m ≡ 0; 1 (mod 3) for which
this construction works. We also have a (v; 9; 3) BIBD from Theorem 37.1 whenever
v is a prime power and v ≡ 1 (mod 24) (or equivalently m ≡ 0 (mod 3)); the values of
m for which this construction works but the above truncated TD3(10; n) method does
not are m= 3; 6; 9; 12; 15; 21; 24; 42; 45; 51; 54; 57; 72; 75; 78; 105. Most of the remaining
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Table 5
Some constructions of (v; 9; 3) BIBDs for Theorem 47
m 8m+ 1 Construction m 8m+ 1 Construction
1 9 Trivial 4 33 [25]
7 57 Example 40 10 81 AG(2; 9)
13 105 Example 40 16 129 Example 41
18 145 Example 42 19 153 Example 43
22 177 25 201 (25; 9; 3) wt 8+1
31 249 (31; 10; 3) wt 8+1 33 265 (33; 9; 3) wt 8+1
34 273 (34; {9; 10}; 3) wt 8+1 43 345
46 369 Example 44 48 385
49 393 (49; 9; 3) wt 8+1 52 417 Example 45
55 441 (49; 9; 3) wt 9 58 465 (58; {9; 10}; 3) wt 8+1
60 481 (60; {9; 10}; 3) wt 8+1 61 489 (61; 10; 3) wt 8+1
73 585 (9; 3) GDD type 8901 wt 8+9
76 609 ({9; 10}; 3) GDD type 8931 wt 8+9
79 633 ({9; 10}; 3) GDD type 8961 wt 8+9
102 817 ({9; 10}; 3) GDD type 334 wt 8+1
103 825 (33; 9; 3) wt 25
106 849 (106; {9; 10}; 3) wt 8+1
132 1057 (33; 9; 3) wt 32+1
133 1065 Theorem 47
211 1689 ({9; 10}; 3) GDD type 229101 wt 8+25
213 1705 ({9; 10}; 3) GDD type 229121 wt 8+25
214 1713 ({9; 10}; 3) GDD type 229131 wt 8+25
436 3489 (109; 9; 3) wt 32+1
values of m ≡ 0; 1 (mod 3) can be handled by other constructions using WFC; we
indicate these constructions below in Table 5 by giving the starting GDD (usually a
truncated TD, but if a PBD or BIBD it is assumed to have type 1v) and the weighting
used. For m = 34; 58; 106, the required (t; {9; 10}; 3) PBDs are obtained by adding
one point to a 3-resolution set of the (m− 1; 9; 3) BIBDs given earlier in Corollary 29
or Example 40, while for m=60, it is obtained by deleting one point from a (61; 10; 3)
BIBD given in [26]. We also indicate (by +w) the number of extra points used in our
application of Theorem 4. The master design for WFC is either another (v; 9; 3) BIBD,
a TD3(10; n) for n = 8 or 22, or else is given in Lemma 39. The ingredient designs
when using WFC are either TDs or the (9; 1) GDD of type 810 given in Theorem 2.
We also need to note that a (9; 3) GDDs of types 16491 and 1176251 exist. The former
can be formed by taking three copies of PG(2; 8) with a line removed; for the latter,
we note that a (176; 8; 3) RBIBD with 75 parallel classes was given in [3], so adding
25 new points, each to three parallel classes, gives our design.
For m=133, we Frst need a (9; 3)-GDD(8127481) missing a (9; 2)-GDD(8127). This
is obtained starting with a (1016; 8; 1) RBIBD, using one parallel class as groups, and
adding 48 inFnite points, each to three of the remaining 144 parallel classes. Now
add an ideal point; we then form a (49; 9; 3) BIBD on the inFnite and ideal points, a
(9; 9; 1) BIBD on each size 8 group plus the ideal point, and a (1017; 9; 2) BIBD on
all size 8 groups plus the ideal point.
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7. BIBDs with block size 9 and index 6
In this section, we treat the case = 6.
Example 48. The following blocks generate a (69; 9; 6) BIBD when developed over
Z69:
(0; 48; 54; 46; 25; 31; 23; 2; 8); (0; 9; 24; 46; 55; 1; 23; 32; 47);
(0; 1; 34; 58; 22; 53; 26; 20; 62); (0; 3; 6; 15; 45; 43; 25; 32; 56);
(0; 3; 9; 21; 51; 1; 16; 14; 50):
The Frst two base blocks are short blocks, and generate 23 blocks each; they remain
invariant when multiplied by 47. The third base block remains invariant when multiplied
by 22 =−47. The last two base blocks should be multiplied by 1 and 47.
Example 49. The following blocks generate a (85; 9; 6) BIBD when developed over
Z85. This design has a multiplier, 69, of order 2. The Frst block is invariant under the
multiplier; each of the remaining 3 blocks has to be multiplied by 1 and 69.
(0; 1; 7; 9; 23; 26; 57; 58; 69); (0; 1; 6; 15; 18; 44; 45; 55; 81);
(0; 5; 9; 31; 33; 41; 56; 79; 83); (0; 12; 20; 24; 47; 51; 65; 67; 84):
Example 50. The following blocks generate a (93; 9; 6) BIBD over Z3×Z31. The auto-
morphisms are: T1(x; y) = (x; y+ 1) (of order 31), T2(x; y) = (x;−y) (of order 2) and
T3(x; y)= (x+1; 5y) (of order 3). The Frst block is invariant under T2 and the second
is invariant under T3.
((0; 1); (0; 4); (0; 27); (0; 30); (1; 0); (2; 6); (2; 7); (2; 24); (2; 25));
((0; 6); (0; 14); (0; 18); (1; 30); (1; 8); (1; 28); (2; 26); (2; 9); (2; 16));
((0; 0); (0; 1); (0; 10); (0; 19); (0; 30); (1; 1); (1; 2); (2; 10); (2; 13));
((0; 0); (0; 6); (0; 10); (0; 25); (1; 5); (1; 15); (1; 19); (1; 28); (2; 26));
((0; 0); (0; 10); (0; 11); (0; 24); (0; 28); (1; 3); (1; 28); (2; 7); (2; 27)):
Example 51. The following blocks generate a (141; 9; 6) BIBD over ((Z3 ∪ {∞}) ×
Z35)∪{∞}. The automorphisms (for x∈Z3 ∪{∞}) are: T1(x; y)= (x; y+1) (of order
35), T2(x; y) = (x;−y) (of order 2) and T3(x; y) = (x + 1; 11y) (of order 3); all of
T1; T2; T3 map the point ∞ onto itself. The Frst three blocks are invariant under
T2 and generate 105 blocks; the fourth block is invariant under T3 and generates 70
blocks. The remaining blocks all generate 210 blocks each.
((0; 3); (0; 32); (1; 0); (2; 4); (2; 16); (2; 19); (2; 31); (∞; 1); (∞; 34));
((0; 9); (0; 26); (1; 7); (1; 28); (2; 13); (2; 22); (∞; 1); (∞; 34);∞);
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((0; 1); (0; 7); (0; 28); (0; 34); (1; 8); (1; 27); (2; 17); (2; 18); (∞; 0));
((0; 8); (0; 13); (0; 30); (1; 18); (1; 3); (1; 15); (2; 23); (2; 33); (2; 25));
((0; 0); (0; 3); (0; 15); (0; 19); (1; 9); (1; 21); (2; 17); (∞; 15); (∞; 28));
((0; 0); (0; 4); (0; 10); (0; 11); (0; 26); (1; 17); (1; 34); (2; 16); (∞; 3));
((0; 0); (0; 7); (0; 10); (0; 30); (1; 8); (1; 10); (2; 8); (2; 24); (∞; 24));
((0; 0); (0; 7); (0; 9); (0; 21); (2; 6); (2; 7); (∞; 6); (∞; 26); (∞; 27));
((0; 0); (0; 4); (0; 9); (2; 12); (2; 15); (∞; 2); (∞; 8); (∞; 14); (∞; 17));
((0; 0); (0; 13); (1; 4); (1; 28); (2; 27); (∞; 2); (∞; 19); (∞; 29); (∞; 30)):
Theorem 52. If v ≡ 1; 9 (mod 12), then a (v; 9; 6) BIBD exists with the possible
exception of v= 213.
Proof. Our main construction will be to take the ({9; 10}; 3) GDDs of type n9r1 and
give all points a weight of 4 in WFC to get a (9; 6) GDD of type (4n)9(4r)1, and
then Fll the groups with nine (4n+ 1; 9; 6) BIBDs and one (4r + 1; 9; 6) BIBD using
w = 1 in Theorem 4. Lemma 23.3 and 23.4 give the values of m ≡ 0; 2 (mod 3) for
which this construction works. We also have a (v; 9; 6) BIBD from Theorem 37.2
when v ≡ 1 (mod 12) is a prime power. Letting v = 4m + 1, this deals with m = 3,
15, 39, 69, 93, and 183. With a few exceptions, we also have a (v; 9; 2) BIBD if
v ≡ 1; 9 (mod 36) and a (v; 9; 3) BIBD if v ≡ 1; 9 (mod 24). This narrows our search
down to m ≡ 3; 5; 15; 17 (mod 18) plus m= 44, 47, 63 and 96.
Some of the remaining constructions use WFC, and we indicate this in Table 6 by
giving the starting GDD (often a truncated TD, but if PBD or BIBD then treated as
having type 1v), and the weighting used, and (by +w) the number of extra points used
in our application of Theorem 4.
8. BIBDs with block size 9 and index 12
In this section, we treat the case = 12.
Example 53. The following blocks generate a (51; 9; 12) BIBD when developed over
Z51:
(0; 36; 24; 34; 19; 7; 17; 2; 41); (0; 36; 24; 4; 25; 31; 38; 8; 14);
(0; 1; 37; 46; 13; 35; 20; 29; 47); (0; 3; 6; 18; 36; 49; 40; 5; 26);
(0; 27; 9; 48; 13; 16; 22; 25; 41); (0; 27; 12; 30; 36; 4; 25; 14; 20):
The Frst block is short and the last three should be multiplied by 1, 35.
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Table 6
Some constructions of (v; 9; 6) BIBDs for Theorem 52
m 4m+ 1 Construction m 4m+ 1 Construction
5 21 [20] 17 69 Example 48
21 85 Example 49 23 93 Example 50
33 133 Corollary 33.1 35 141 Example 51
41 165 Corollary 29.1 44 177 Corollary 29.1
47 189 (21; 9; 6) wt 9 51 205 Corollary 33.1
53 213 57 229 Corollary 29.1
59 237 (10; 3) GDD type 39(2 + 1)1 wt 8/(8+4)+1
63 253 Corollary 29.1 71 285 Corollary 29.1
95 381 (9; 2) GDD 219 wt 10+1 [22]
96 385 (9; 6) GDD 1232 + 1 (Corollary 33.1)
123 493 (9; 6) GDD 1241 + 1 (Corollary 33.1)
125 501 (9; 3) GDD 425 wt 5+1 (Corollary 35)
129 517 (9; 6) GDD 1243 + 1 (Corollary 33.1)
131 525 ({9; 10}; 3) GDD type 7951 wt 8/4+1
185 741 (57; 9; 3) wt 13
Example 54. The following blocks generate a (75; 9; 12) BIBD when developed over
Z74 ∪ {∞}:
(0; 18; 32; 24; 37; 55; 69; 61;∞); (0; 44; 70; 34; 37; 1; 47; 63;∞);
(5; 13; 19; 6; 60; 8; 12; 46; 16); (1; 47; 63; 2; 20; 52; 4; 40; 30);
(0; 18; 52; 25; 31; 38; 61; 46; 53); (0; 27; 36; 48; 56; 20; 40; 14; 57);
(0; 27; 44; 69; 18; 42; 45; 62; 23):
The Frst block is short and the last three should be multiplied by 1; 47 and 63.
Example 55. The following blocks generate a (87; 9; 12) BIBD when developed over
Z86 ∪ {∞}. The Frst block is short, and the last four blocks have to be multiplied by
1; 49 and 79.
(0; 18; 22; 46; 43; 61; 65; 3;∞); (0; 8; 48; 30; 43; 9; 11; 23;∞);
(1; 49; 79; 2; 12; 72; 4; 24; 58); (0; 16; 62; 17; 31; 64; 67; 20; 53);
(0; 27; 30; 42; 57; 17; 29; 32; 72); (0; 27; 34; 37; 14; 38; 44; 68; 78);
(0; 6; 72; 10; 61; 76; 23; 26; 85):
Example 56. The following blocks generate a (111; 9; 12) BIBD when developed over
Z111. This design has a multiplier, 10, of order 3. The Frst block is short and invariant
under the multiplier. Each of the remaining blocks has to be multiplied by 1; 10 and
100.
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(1; 10; 100; 38; 47; 26; 75; 84; 63); (78; 91; 0; 93; 67; 96; 12; 26; 9);
(37; 35; 69; 43; 23; 26; 108; 57; 9); (102; 16; 109; 41; 42; 11; 78; 6; 51);
(52; 63; 71; 60; 84; 68; 11; 45; 9); (35; 97; 96; 18; 106; 10; 93; 56; 37);
(1; 35; 57; 77; 72; 6; 45; 34; 110):
Example 57. The following blocks generate a (123; 9; 12) BIBD when developed over
Z122 ∪ {∞}. This design has a multiplier, 13, of order 3. The Frst block is short and
the Frst three are invariant under the multiplier. The last six blocks are to be multiplied
by 1; 13 and 47.
(∞; 0; 6; 78; 38; 61; 67; 17; 99); (∞; 0; 8; 104; 10; 61; 1; 13; 47);
(3; 39; 19; 16; 86; 20; 12; 34; 9); (0; 4; 12; 51; 62; 81; 92; 93; 100);
(0; 2; 23; 46; 53; 66; 71; 82; 100); (0; 2; 25; 38; 61; 64; 65; 74; 107);
(0; 8; 23; 24; 27; 51; 56; 57; 82); (0; 14; 23; 34; 37; 40; 44; 70; 118);
(0; 6; 18; 58; 63; 91; 96; 103; 112):
Example 58. The following blocks generate a (147; 9; 12) BIBD when developed over
Z147. This design has a multiplier, 67, of order 3, and a partial multiplier, 50, of order
2. The Frst block is short and the Frst two are invariant under both multipliers; the
third block is invariant under the multiplier of order 3 and is to be multiplied by 1 and
50; the fourth block is invariant under multiplication by −50 (note the sign) and is to
be multiplied by 1; 67 and 79; the last three blocks are to be multiplied by x; 67x
and 79x for x = 1 and for x = 50.
(1; 67; 79; 50; 116; 128; 99; 18; 30); (18; 30; 99; 4; 121; 22; 53; 23; 71);
(10; 82; 55; 20; 17; 110; 40; 34; 73); (0; 54; 93; 52; 46; 1; 97; 50; 146);
(0; 3; 7; 10; 27; 32; 63; 77; 129); (0; 20; 45; 60; 70; 85; 101; 103; 114);
(0; 1; 13; 18; 23; 60; 84; 108; 127):
Example 59. The following blocks generate a (159; 9; 12) BIBD when developed over
Z158∪{∞}. This design has a multiplier, 23, of order 3. The last block is short and the
last three are invariant under the multiplier. The Frst eight blocks are to be multiplied
by 1; 23 and 55.
(0; 4; 22; 64; 86; 100; 47; 131; 97); (0; 8; 36; 58; 96; 100; 29; 73; 67);
(0; 26; 38; 54; 90; 102; 57; 97; 99); (0; 34; 46; 74; 82; 88; 117; 123; 129);
(0; 34; 36; 78; 112; 47; 65; 89; 133); (0; 4; 16; 26; 82; 106; 136; 27; 133);
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Table 7
Constructions for (v; 9; 12) BIBDs
m 2m+ 1 Construction m 2m+ 1 Construction
7 15 [20] 19 39 [20]
25 51 Example 53 37 75 Example 54
43 87 Example 55 55 111 Example 56
57 115 Corollary 29.2 61 123 Example 57
73 147 Example 58 79 159 Example 59
91 183 Corollary 29.2 93 187 Corollary 29.2
106 213 11961 wt 2+3 (Lemma 5)
109 219 11991 wt 2+3 (Lemma 5)
133 267 (9; 4) GDD 219 wt 7+1 (TD3(9; 7), [22])
163 327 Example 60
271 543 79(4 + 1 + 1)1 wt 8/(8+4+2)+1
(0; 40; 62; 70; 152; 13; 43; 101; 153); (0; 14; 46; 76; 110; 152; 7; 13; 85);
(∞; 0; 36; 38; 84; 79; 1; 23; 55); (3; 69; 7; 24; 78; 56; 12; 118; 28);
(∞; 0; 6; 138; 14; 79; 85; 59; 93):
Example 60. The following blocks generate a (327; 9; 12) BIBD when developed over
Z327. This design has a partial multiplier, 281, of order 6. The Frst block is short
and the Frst two are invariant under the multiplier; the third block is invariant under
multiplication by 154 and is to be multiplied by 1 and 110; the fourth block is invariant
under multiplication by −110 (note the sign) and is to be multiplied by 1; 154, and
172; the last eight blocks are to be multiplied by 1, 281, 154, 110, 172 and 263.
(1; 154; 172; 110; 263; 281; 219; 45; 63); (219; 45; 63; 4; 289; 34; 113; 71; 143);
(10; 232; 85; 20; 137; 170; 40; 274; 13); (0; 12; 315; 322; 223; 1; 217; 110; 326);
(0; 24; 72; 150; 192; 46; 70; 89; 98); (0; 93; 108; 240; 279; 145; 289; 128; 185);
(0; 162; 216; 84; 27; 274; 286; 173; 290); (0; 72; 141; 93; 219; 88; 136; 98; 188);
(0; 63; 81; 153; 246; 118; 169; 236; 197); (0; 6; 51; 120; 138; 106; 85; 47; 161);
(0; 117; 138; 183; 166; 130; 70; 98; 302); (0; 99; 39; 75; 252; 28; 61; 130; 152):
Theorem 61. If v ≡ 1 or 3 (mod 6), and v¿ 9, then a (v; 9; 12) BIBD exists.
Proof. Our main construction will be to take the ({9; 10}; 3) GDDs of type n9r1 and
give all points a weight of 2 in WFC to get a (9; 12) GDD of type (2n)9(2r)1, and
then Fll the groups with nine (2n+1; 9; 12) BIBDs and one (2r+1; 9; 12) BIBD using
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w = 1 in Theorem 4. Lemma 23.5 and 23.6 give the values of m ≡ 0; 1 (mod 3) for
which this construction works.
We also have a (v; 9; 12) BIBD from Theorem 37.3 when v ≡ 1 (mod 6) is a prime
power with v¿ 9. Letting v=2m+1, this deals with m=15, 21, 33, 39, 51, 75, 105,
111, 165 and 273.
With a few exceptions, we also have a (v; 9; 6) BIBD if v ≡ 1; 9 (mod 12) and a
(v; 9; 4) BIBD if v ≡ 1; 9 (mod 18). Combined with Lemma 23.5 and 23.6, this narrows
our search down to m ≡ 1; 3; 7; 15 (mod 18) plus m= 106.
Some of the remaining constructions use WFC, and we indicate this in Table 7 by
giving the starting GDD (usually a truncated TD), and the weighting used, and (by
+w) the number of extra points used in our application of Theorem 4.
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